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1 Introduction: general considerations 

In two seminal papers m , Vilenkin estimated the probability of creating from 
“nothing” a closed inflationary universe, that is, a closed de Sitter universe. 
Here, “nothing” is a state with, in particular, no time. In the present paper, 
we revisit this issue and consider an Euclidean differentiable manifold, that is, 
one with signature +4, where there is also no time. 

The solutions of the Einstein field equations for signature +4 are some¬ 
times called Euclidean solutions or instantons and we will use this naming in 
the present paper. For Vilenkin, the creation mechanism is a quantum tun¬ 
neling event to the classical closed de Sitter universe from the corresponding 
instanton, whose semiclassical probability, P, is estimated as P ex. exp (— |5'_e|) 
(see m-, and also 0), where the pre-exponential factor has been omitted, 
and Se [Se/Ti, if we do not take = 1) is the corresponding instanton action. 

Actually, the semiclassical expression for P, that we will adopt throughout 
the present paper, is not tied to some tunneling event but to the quantum 
probability amplitude of going from an “initial” wave function of a universe to 
a “final” one, in the semiclassical approximation of the path integral version 
of quantum gravity [B]. Here, “initial” and “final” do not refer to time, now 
(in an Euclidean manifold) inexistent, let it be external or not [7]. These terms 
refer to a vanishing value, u = 0, and a turning point value, u = Um, of the 
new spatial coordinate, u, of the corresponding instanton, that replaces the 
time of the considered Lorentzian solutions of the Einstein equations (see next 
subsection 15.3|) . In accordance with , the approximate expression for P will 
be 

P(xexp{-SE)- ( 1 ) 

In the current literature (se also, for instance, [5115] . besides the above 
references) there is, nevertheless, some vacillations as far as the sign of the 
exponent in (HD is concerned. A discussion of this point can be found, for 
example, in cni, or in the book [Hi- 

On the other hand, in the particular case considered in [5], the situation 
is simple enough to find the instanton corresponding to the closed de Sitter 
universe by simple changing a? = with t the cosmic time and a{t) 

the cosmic expansion factor, by —a^ (i.e. changing t by it). However in more 
complex cases, such as the one considered in [T^] (where it was shown that 
the only creatable FLRW model is the closed one) and m, the corresponding 
Einstein field equations must be integrated in both, the Euclidean (signature 
-1-4) and the Lorentzian (signature -1-2) cases. That is, in these more complex 
cases, as we do in the present paper, we should perform this double integration 
and then choose the specific instanton from which we are planning to obtain 
by quantum creation the selected model of our present universe. 

In the present paper we will consider the quantum creation of the general A- 
Friedmann-Lemaitre-Robertson-Walker (AFLRW) universes, with A the cos¬ 
mological constant. More specifically we will roughly estimate, in the semiclas¬ 
sical approximation, the quantum probability of going to one of these AFLRW 
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universes from the corresponding instanton, starting from the general path 
integral way developed in for quantum gravity. To this end, extending 
previous work by Ellis [14] and Hellaby et al. [15], we will first give a sim¬ 
ple canonical form for the Einstein field equations with spherical symmetry 
when the source is a geodesic perfect fluid both for the Lorentzian and the 
Euclidean (instanton) metrics. Furthermore, we will recover the explicit so¬ 
lutions (Lorentzian and instanton) of these equations in the particular case 
of the Lemaitre-Tolman-Bondi (LTB) metric family. This approach includes 
the ylFLRW universes as a particular case, and allows us to recover previous 
results concerning signature changes in FLRW cosmologies [nnn]. 

In our study, we will assume a general criterion to write the expression of 
the “stress-energy” tensor in the instanton case. Finally we advance the crite¬ 
rion to select, given a classical metric, the particular instanton from which this 
classical metric could be perhaps created. These criteria, that will be stated 
next more specifically (see section 0]), are all them fulfilled in the particular 
case considered in [2]. 

The present paper goes along the following lines. In Sect. [5] following the 
procedure outlined in [IldBlIl], in order to include an isotropic pressure and 
a cosmological constant, the Einstein field equations are reduced to a canon¬ 
ical simple form, both in the Lorentzian and in the Euclidean case. This is 
done for a family of metrics with spherical symmetry, whose energy content 
in the Lorentzian case is a geodesic perfect fluid, with homogeneous pressure, 
inhomogeneous density and cosmological constant. In particular, we give this 
double general solution (Lorentzian and Euclidean) of the LTB family of met¬ 
rics, that is, when pressure and cosmological constant vanish. Technical details 
are provided in Appendix |BJ In Sect. |3| we revisit the particular case of the 
general AFLRW metrics and their instanton counterparts, governed by the 
equations stated in [H] for A = 0. In Sect.H we discuss the general criteria we 
use to establish the possibility of quantum creation for our universe. We verify 
that these criteria are fulfilled in the particular case treated in [2]. In Sect.|5| 
we study the possibility of creation of the closed model of our present universe. 
In accordance with the results in nn, and also with the considerations in m, 
but following a different method, we conclude that the closed general AFLRW 
universe has a finite semiclassical probability of being quantically created. We 
comment on the differences of our procedure and the approaches considered 
by other authors mm- Finally, our results are discussed in Sect. O where 
we conclude briefly that the probability of quantum creation for an open non 
flat or a flat AFLRW model vanishes (in accordance with [T^, too). 

For the sake of completeness, we add three appendices where some calcula¬ 
tions are presented in detail. The results presented in these appendices concern 
the inclusion of the Lorentzian and Euclidean cases in a common treatment 
and are explicitly stated in the references quoted there or easily deduced from 
them. 

A short report containing some results, without proof, of this work recently 
appeared in the Proceedings of the Spanish Relativity Meeting ERE-2014 m- 
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2 A large family of instantons 

Following previous works [IlllilllS], let us consider the Einstein field equations 
with cosmological constant A, that is, 

R 

Rap - - A)gap = kTcP (k = SttG, c = 1), (2) 

both for Lorentzian and Euclidean metrics, in the case of spherical symmetry, 
with inhomogeneous stress-energy tensor corresponding to a perfect fluid. This 
stress-energy tensor, reads out 

r“^ = + (A + P)n°‘n^, gapn°‘n^ = e, (3) 

with p, the energy density, p the pressure and e = ±1, the -1-1 value corre¬ 
sponding to the Euclidean solution and e = — 1 to the Lorentzian one. For 
later convenience we will write 

= 5 “^ - e , (4) 

the relation between (p.,p) and {p,p) becoming 

M = A + (1 + e)p, P = P, (5) 

such that for e = —1, p = p. 

These Einstein field equations, both for the Lorentzian and the Euclidean 
case, can be reduced to the following differential equations (see Appendix iBl 
Eqs. (15^ and (IMll l: 

+ 2AA +K + eAA^ = eupA^, (6) 

and 

2 ^ ^ (m - 3ep), (7) 

in Gauss coordinates (u, p, 0, (p) adapted to the spherical symmetry such that 
n“ = (1,0,0,0), provided that p only depends on u and A' is not identically 
zeroQ In these coordinates the line element becomes (see Appendix B Eq. 

my- 

ds^ = e dv? + ^ ^ a ^ 

1 -I- e A(p) 

with K{p), K for brevity, an arbitrary function of p, da^ the metric of the 
unit two-sphere, and the dot indicating derivation with respect to u and the 
prime derivation with respect to p. 

Here, when we put e = — 1 (the Lorentzian case), we can put u = t for the 
corresponding time. In this case, the family of metrics considered corresponds 
to a generalization of the well known LTB metrics, the particular family that 

^ In the case A' = 0, the integration of the corresponding Einstein equations leads to 
a generalization of the well known Datt solution (see m and related references quoted 
therein) and its corresponding instanton. 
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we obtain by putting p = yl = 0, for the pressure and the cosmological con¬ 
stant, respectively. 

The general solution of Eqs. dH), dT]), in the LTB case [T^[20l[^ . is well 
known and is expressed as |22) : 


Ifif(p) >0, 


A{u,p) 


M{p) 

K{p) 


(1 - cosp), 




r] — sin T] 


M{p) 


u 




(9) 


liK{p) = 0, A{u,p) = |-M(p)['u--0(p)] I ■ 
lfK{p) < 0, < 


A{u, p) = -^7^(1 — cosh?;), 


sinh p — Tj = 


K{p) 

-K{p)f/^ 


M{p) 


u-^{p)\. 


( 10 ) 


( 11 ) 


where M(p) and 'ip{p) are arbitrary functions of p, and ?; is a suitable param¬ 
eter. 

The main remarkable consequence of the presentation followed in this sec¬ 
tion is that the e sign does not appear in the above expressions of the general 
solution. It only appears explicitly in the line element ([H]). Function K(p) is 
related to the geometry of the 3-surfaces t = constant. In fact, these 3-surfaces 
are flat if, and only if, K{p) is identically zero. In the Lorentzian case, M{p) 
gives the “effective” gravitational mass of the dust configuration which coin¬ 
cides with the total mass only when K(p) vanishes; ipip) gives the proper time 
when the essential singularity A{t, p) = 0 occurs (for further considerations, 
see [T5]l. 


3 General AFLRW metrics and their instanton counterparts 

Let us consider the particular solution of dH]) and dZl), where the A(u,p) func¬ 
tion factorizes, that is 

A{u,p) = a{u) f{p) (12) 

where a{u) and f{p) are two functions to be determined. Furthermore, in ([7]) 
besides having p = p{u) we will put 

p = p{u), (13) 

that is, besides j>, ^ does not depend on p. 

Substituting {|1_2J) and dsn in dH) and (0, having in mind that p = p{u), 
we obtain in full agreement with M- 

a? K k e ^ 


(14) 
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- = (15) 

a 0 6 

that imply the “energy conservation” equation 

fi = -3(/i -ep)-. (16) 

a 

More specifically it follows from Eq. (170)) in the Appendix |A] by taking 9 = 
Van°‘ = 3a/a for the AFLRW case. 

For e = —1, Eqs. m and m reproduce the cosmic dynamical equations 
for the expansion factor, a{t), of a AFLRW universe, k = +1, 0, —1 being the 
normalized constant with the sign of K(p) (curvature index). Further, for the 
function AT in (|5|) we obtain K = kp^ if we take = a^p^. 

Finally, in order to write the corresponding element of line, ds^, we only 
have to put this expression of A^, with the corresponding a solution of (fTl)) . 
(flKll . in Eq. (|S]). We obtaiiH 


ds^ = edu^ + (-—+ p^da^\. (17) 

\i-\-ekp^ J 

In particular, for e = +1 the instanton metric is 

+ al ^ +^kp'^ ^ p'^da^^ , (18) 


with qe = a{u) a solution of m and (HU with e = +1. That is, we have for 
a{u) the equations: 


K k A 
3^"^" 3’ 


(19) 


d K , ^ A , , 

- =(a-3p)--. (20) 

a 6 3 

Leaving out the mere inclusion of the cosmological constant A, the results 
of this section are included in those of the reference [TT] by Ellis. 


4 Calculating the suitable instantons for any AFLRW universe. 

As we have commented in the Introduction, in the present paper we want 
to estimate the quantum probability of going from some suitable Euclidean 
solution (instanton) to some particular universe. Then, we need to calculate 
these instantons, a calculation that we perform in subsections 14.21 and 14.31 for 
a family of different cases. Let us be more specific: 

^ Notice that, according to (HTj, an instanton with k = —1 is a closed space, i.e., p E (0,1). 
Actually, since for an instanton it is e = +1, the function 1 + ekp^ in QZli becames then 
1 — Similarly, an instanton with k = -\-l is an open space: 1 + ekp"^ becomes 1 + p^ and 
p E (0, +oo). 
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(a) First, by definition, the instantons satisfy the Einstein field equations for a 
metric of signature +4, whose “stress-energy” tensor is formally the same as 
the Lorentzian one, “formally” meaning that the only change introduced in 
it when jumping from e = — 1 to e = -|-1 is to change the original Lorentzian 
metric, let us say, gap[t = —1), Q!,/3 = 0,1, 2, 3, by the new Euclidean one 
5 a/ 3 (e = +1) (see Eqs. (g]) and (IT71)'). 

Also, in the AFLRW case, in order to associate, to each particular AFLRW 
metric, the corresponding instanton from which to test if that metric can 
become quantically created we assume that; 

(b) The AFLRW metric and its corresponding instanton are suitably matched 
across the discontinuity 3-surface u = t = 0 oi the AFLRW metric, thus 
extending to a singular 3-surface the matching prescription in |141ll5U16j . 
These extended matching conditions are analogous to the Darmois conti¬ 
nuity conditions, now for the differences of the first, and second, iFy, 
fundamental forms through u = t = 0. It is important to remark that we 
need to speak of differences, that is, of gij — {gE)ij and ATy — {KE)ij, where 
the E subindex stands for “Euclidean”. This is so since, at t = 0, ATy could 
be now singular. However, in our extension of the matching Darmois con¬ 
ditions to a singular 3-surface, the differences are assumed to be regular 
and vanishing (see next), in other words, to u —>■ 0, because of the kind of 
matching performed, {KE)ij becomes singular at the same rate that AT^-, 
if Kij does. 

In dealing with a change of signature on a space-like non-singular 3-surface, 
the fulfillment of the Darmois matching conditions is not the sole alternative 
that has been proposed in the past (cf p^[24l[25] L In fact, according to [24l 
I26j . such a change might imply the vanishing of Kij on the junction surface. 
An accurate analysis of the behaviour of the different (scalar, vector and ten¬ 
sor) types of cosmological perturbations under this more restrictive matching 
condition {Kij = 0 on the signature change 3-surface) has been carried out in 
EH; but this question is going beyond the scope of the present paper. 

As we will show next in detail, the particular tunneling creation considered 
in fulfills these two demands on the junction surface, [Kij] = 0 (see the 
second equation in Eq. (1^ below) and Kij = 0, as it can be easily deduced 
from Eqs. dSOD and (I23- The opposite situation happens for any other AFLRW 
universe, as we explain at the end of the subsection 14.31 

At this point, the motivation to introduce assumption (b) would seem 
perhaps insufficiently justified both from physical and mathematical points of 
view. In fact, on a singular 3-surface some algebraic invariant of the curvature 
tensor diverges. Nevertheless, according to the spirit of the assumption (b), it 
should be sufficient to require that the corresponding Lorentzian and Euclidean 
curvature invariants diverge at the same ratio in reaching the signature change 
3-surface. In the case of the generalized LTB model, this condition is fulfilled 
both for the the four dimensional Ricci curvature and the Kretschmann scalars 
(for the respective expressions, see Eqs. (48) and (49) in reference [IS]). In 
addition, we are going to show that our assumption (b) is naturally consistent 
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with the paradigmatic physical situation concerning the quantum creation of 
a closed de Sitter universe and the involved mathematical treatments (see 
subsection I4.2p . 


4.1 Matching conditions under signature change 


Let us be more specific when stating the above (b) assumption, the “extended 
Darmois matching conditions”. These conditions assume the vanishing of the 
three-space metric difference gij — {gE)ij (in our case given implicitly in (TTfll l 
and their corresponding extrinsic curvature diference, Kij — {KE)ij, through 
the matching 3-surface, u = t = 0 in the present case, in which case Kij 
becomes Kij = —\dugij- Notice that according to (fTTll . the vanishing of gij — 
(gE)ij and Kij — {KE)ij, through u = t = 0, that we will write 



(21) 

reduces -using the same notation- to: 


[a] = 0, [d] = 0, 

(22) 

that is (denoting y{x)\j:=o = hma;_>o y(a;)) 


o' 

II 

0 

II 

1 

0 

II 

HO 

0 '' 

II 

0 

II 

1 

0 

II 

HO 

(23) 

and 


9ppi^)\t=o — 9ppi'^)\u=0i 

(24) 

which imply that the sign ek in (1171) does not change across the 
3-surface t = m = oH Consequently, 

matching 

{ek)E = {ek)L, 

(25) 


where the subscripts E and L stand for “Euclidean” and “Lorentzian”, respec¬ 
tively. Then, from Eq. (11^1) . 


fK kL 4l\ fK kE 4l\ 

-2+T = - 2 ~ 

V 3 a‘‘ 3 / t=o V 3 3 / u=o 


(26) 


with, because of (1251) . kE = —kL- 

Then, if we require that the instanton solution exists for a bounded p 
coordinate domain, we must take kE = —1, and so k^ = -1-1. In this way, we 
will have matched the closed instanton solution 


ds\ 


= du^ + I 


;(w)( 


dp^ 


1 — 


^da- 


% 


(27) 


^ Notice that, both in the closed and open FLRW models, a(t)\t=o unavoidably diverges 
because of the physical singularity present in t = u = 0. Nevertheless, as stated above, the 
corresponding extended Darmois condition is written as d(t)\t=o — as {'^)\u=o = O 5 indicating 
that, for u = 0 , h£:(u)|ti=o diverges in the suitable way to make this difference vanish. 
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and the closed FRLW metric 

=-dt'^ + (28) 

across the 3-surface u = t = 0, once we apply the condition (1^^ to the above 
aE and a functions, which must satisfy the corresponding Einstein equations 
m and 113, with e = -1-1 for ag, or e = — 1 for a. 


4.2 The particular case of a closed de Sitter universe 


Before continuing, let us consider the particular case considered by Vilenkin 
[2], corresponding to ^ = p = 0 and kl > 0. In this case we never can have 
/c = -1-1 in ([T^ . Thus Eqs. (IT^ and (l20ll become 

a =l--^a^, a = --a, (29) 


with a standing for a{u) = qe- 

A particular instanton solution of these equations is the one calculated in 

m 



to be put in the metric (EH). Further, changing p to x by p = siny, (EH) 
becomes 

ds'^ = dv? + a\{u){d^ + sin^ xdcr^)- (31) 

We see that u and x take both values in a finite domain, in particular we 
take u £ [0, f and x G [0, 27 r]. Because of this fact Vilenkin [i] obtains a 
finite value for the corresponding instanton action Se (see Eq. (H51) below). In 
our notation this finite value is 


P _ 37r 


(32) 


that gives a finite probability of creation, but of which one de Sitter universeQ 
the closed or the open one? The closed one, since above the use of the (b) 
matching conditions has led us to match (l2^ with E3- Thus, the de Sitter 
created model (e = — 1) is the closed one {k = -|-1) that is 


ds^ = —dt^ + a^(t)(dx^ Fsin^X'^^^)) (33) 


No privileged family of cosmic observers exists in the de Sitter space-time (because it is 
“empty”) but there exist three different families of Gaussian observers admitting orthogonal 
hypersurface of constant curvature, and then three different metric forms (closed, flat or 
open) for the three-space line element expressed in the respective comoving coordinates. Of 
course, there also exist static (non Gaussian) observers having associated the de Sitter static 
metric form (see, for instance, EH). Here, we are considering the closed de Sitter universe, 
that is, the metric form that result by adapting coordinates to a a family of Gaussian 
observers admitting orthogonal three spaces of constant positive curvature. 
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with a{t) a solution of the Eqs. (Ill)) and (ITH1) for e = —1, k = +1, = p = 0, 

that is to say, a solution of 




(34) 


that we take 



Eqs. (150]) and (1551) are also the choice made in [5], but, as we have just 
announced, in our case, this choice come from a general assumption (b), i.e., 
from the extended Darmois conditions as we have seen (conditions (I22|l and 
(EH) in the present case). 

The conditions are then satisfied by m and (1551) . In all, we have proved 
that the choices made by Vilenkin [2] when creating a closed de Sitter universe 
by quantum tunneling from a given instanton can be deduced from our two 
general assumptions (a) and (b), that in the next sections we will apply in order 
to test the quantum creatability of the rest of the different ylFLRW universe 
models. This result about the de Sitter universe was previously obtained by 
Ellis et al. m, remarking the interest of the result in the development of the 
Hartle-Hawking quantum cosmology program [B]. 


4.3 The instanton limiting behaviour for a closed and very “hot” vlFLRW 
universe 


Now, let us consider the case of a closed vlFLRW universe largely dominated 
by radiation in an epoch prior to inflation. Setting p = p/3, the integration of 
(ITHll when e = — 1 gives 

M = Me , (36) 

index e referring to some instant prior to the energy-matter equivalence epoch. 
Thus, for t small enough, the cosmic dynamical Eqs. and m, for the 
Lorentzian solution, e = — 1, and p = /i/3, reduces to 



whose well known solution, by considering (1361) . becomes 


(37) 



On the other hand, taking into account and the first equation of dlTD, 
the condition (|26p becomes now 


P’E\u—Q — p\t—0: 


( 39 ) 
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and then in the limit u —>■ 0, for the instanton solution, e = +1, because of the 
/t term dominance, Eqs. (HU) and (EOl) become. 



-g (m-3pe)- 


(40) 


with the corresponding integrability condition (1161) that now is 


Pe = -3(pe-Pe)—. (41) 

Qe 

Then, from dSSD-dUl), we show straight away that the instanton solution 
for M —>■ 0 behaves as the Lorentzian solution (l38l) for < —>■ 0. In fact, from m, 
for p, dominated by radiation, having in mind (|5n)) . we obtain pe = —Pe/3 = 
—/i/3 for M —>• 0. Thus, in this limit, the second equation in (HUl) becomes: 


He k 

— - - q A* 

ue 3 


(42) 


So, near u = 0, we have from (HU) and the first equation (HOI) . that is, in 
the Euclidean framework of a pre-cosmology dominated by the p term. 


Qe — dEe 



PE p{u), 


(43) 


aEe standing for the value of a^; in some “instant”, Ue, of the “energy” instan¬ 
ton phase. 

As explained, this identification oi pE with p given in the second equation 
of (IHH) is only required (by imposing the corresponding extended Darmois 
condition (P|) l in the limit m —^ 0. But, when we go away from it = 0, we 
cannot keep the second equation of (l43l) . since then, in Eq. (IT^ the term 
—A/3 in particular will not stay negligible in front of the term np/S in the 
same equation, and similarly for the term —A/3 in front of —k{p — 3p) in 
Eq. (I20p . Consequently, a and ue will not satisfy anymore the same kind of 
differential equations: function a will satisfy Eqs. (HU and m with e = — 1 
while aE will satisfy Eqs. HU and (EHl) which are not the same pair of equations 
than HI, H3)- The final conclusion is that, out of m —>■ 0, pE and p are not 
the same function of u. 

Nevertheless, we could make the natural guess of keeping for the instanton 
when u 0 the state equation pE = —pe/3 valid for u —0. In this case, Eq. 
(SH keeps giving 



now everywhere, such that pE and p are the same kind of function, as functions 
of a^; and a, respectively, although, since we have left u = 0, a e and a are no 
more the same function of u. We will use (l44)) in the subsection 15.21 

Later on, at the subsection [Ql we will consider the case of a general pE 
function satisfying dSSl)- 
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As remembered above, for the case of the metric (II3, Kij becomes Kij = 
— ^du9ij- In order to have Kij = 0 for u —0, we should have, in particular, 
lim d = 0. But according to (IMll . this limit does not vanish and becomes in fact 

+ 00 . This means that, as announced at the beginning of the present section, 
just before subsection l4.ll the condition Kij = 0 on the junction surface would 
make any AFLRW universe, closed or not, not quantically creatable, out of 
the particular case when /i = 0, that is the case considered by Vilenkin [5], 
who concludes the quantum creatability of the corresponding closed model, 
the closed de Sitter model. 


5 On the quantum creation of a closed AFLRW universe 

As showed in the precedent section, the instantons corresponding to a closed 
AFLRW universe are driven by a very “hot” phase when u —>■ 0, as a conse¬ 
quence of the imposed “extended Darmois matching conditons” (see assump¬ 
tion (b) in Sect. S]). Could such universe be quantically created from some 
corresponding instanton? We are going to see that this is possible in the frame¬ 
work we have just designed: more specifically we assume (EU and on the 
junction surface. However, we will first assume the natural though particular 
guess pe = —^_e/3, Vm, before considering the general case. Because of the 
Eq. (HTll this guess is equivalent to assume that pE ^ 


5.1 The closed instanton action Se 

In accordance with m, in an evident notation, the expression for the Einstein- 
Hilbert action in the Lorentzian case (including the cosmological constant 
term) is@ 

^ = J[^{R-2A) + L]^d^x. (45) 

Then, we must consider the extension of the above Einstein-Hilbert action 
to the instanton case. Actually, following the standard variational procedure 
(the one displayed, for instance, in [^) it is easy to prove that for an Euclidean 
metric the action 

Se = J—{Re-2A) + Le, (46) 

leads to the same expression for the field equations, that is Rap — {^ — A)gap = 
nTap, for this Euclidean case as well as for the Lorentzian one. Now gE is the 

^ Notice that we do not include boundary surface terms in the action. In fact, the Einstein 
field equations (both, for Lorentzian and Euclidean metrics follow when the functional 
action remains stationary under variations of the metric field, and its derivatives, 

which vanish on the three-boundary of the considered variational four-dimensional 
domain. For an extensive account of these boundary terms (that have to be included in the 
action in order to derive the Einstein field equations under arbitrary metric derivatives 
variations, see, for instance, |3QII31II32| . 
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instanton metric determinant, gE = det(gE}a/ 3 , that is, the E index refers to 
the instanton metric. Re being its scalar curvature, and Le its Lagrangian 
density. We take the global sign of the curvature tensor and the Ricci tensor 
as showed in the Appendix [BJ Our point of view is that the appropriated 
instanton Lagrangian Le is the one that is compatible with the above pre¬ 
scription (in our scheme, to derive from an action principle the same form of 
the Einstein field equations for both Lorentzian and Euclidean metrics). 

In the present work, we only need to calculate Le for a source describing 
a “perfect fluid” instanton. Following a reasoning similar to the one displayed 
in mm, according to Eq. (11071) (see Appendix ICl) . the final result is 

Le = fJ-E- (47) 

From o, we obtain {Te)^ = Ms + ^Pe and, taking into account that 
Le = Le, the expression for ^ in (H51) becomes 

^ = ^(ms - 3p_e)-I-—, (48) 

2 K 

since, using the Einstein field equations. Re = —k(Te)“ -|- 4A. Notice that 
we must use it since, in the semiclassical approximation leading to o, Se 
the instanton classical action, that is, the one calculated upon the classical 
dynamical trajectories, i.e., upon the suitable solution of the Einstein field 
equations. 

For a general closed FLRW instanton metric, in the coordinates used in 
m we have 

ygi= al sin^X sin0, y e [0, 27r], 0 S [0, tt], (49) 

and the instanton action (HSl) becomes, with ^ given by (H51) . 

Se = f ^a%du = 4:Tr^ f ( 50 ) 

Jo J o,Eq 

where the integration domain, /, for the u coordinate is / = [0, ui] and where 
a-Eo = a£;(0), qe^ = aE{ui). 


5.2 The instanton action Se for a very hot closed AFRW universe 

In the present subsection we are going to show the hnite character of the in¬ 
stanton action Se, for the unique instanton we have associated to a very hot 
closed AFLRW universe in the above subsection 14.31 This unique instanton 
comes from our extended Darmois matching conditions, beyond u = 0 pos¬ 
tulating for its state equation pe = —mb/ 3, the final result being Eq. (l4^ : 

PE = PE,a%Ja%. 

In order to show the above finite character of Se, we will prove first that 
Pe reaches a stationary value pE,„ for some aE stationary value, aE^, that is, 
a value where 


aE = 0 , 


( 51 ) 
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which becomes necessarily a maximum value since from (EHl) with p = pe = 
—Pe/^ we always have 

He < 0. (52) 

Then, it is easy to see that, in the present case characterized by (l44l) . the 
integrand in (1501) is regular for n = 0, that is, for qe —>■ 0. Notice that for 
Ob —?> 0, ^ oc while aE/aE, according to (|T0)) . goes like in all a regular 
value for ^a^/uE- Thus, Se given by the integral (1501) has in the present very 
hot case a regular integrand in all the integration domain {qe = 0, 
out of the edge value oe = aSm where this integrand has a pole because of 
the denominator oe- 

In order to see that this pole does not lead to a divergent value for Se, let 
us consider the polynome 7^(l/aE), 


V{1/qe) = — + 


a 


aA 3 

——, Ot = ^ 

6 


(53) 


that equated to zero is proportional to al/al = 0 according to m- 

It is easy to see that the fourth degree algebraic equation 'P{l/aE) = 0 has 
two opposite real roots and two pure imaginary ones (let us say ±i/r). The 
positive real root is 




a / AA 


and we have 


V{l/aE) = 




\ qe a-Er, 


1 1 \ / 1 1 

- 1 -) ( ~ A —^ 

ttE aE__ / VaT 


1 

a-E. 


Then, the contribution, /e, of the interval (aE,aEm), when oe 
SE given by the second integral in Eq. O, goes like 


Ie = 47r^ lim 




OC 


T- J aE 

dttE 


3 duE 


a-E 


\/ a Em — oe 


OC yj aEm ~ O-E —>■ 0 


(54) 

(55) 
Oe^, to 


(56) 


showing, as it has been claimed, that in the present case of a “very hot” 
instanton, Se, is finite. Carrying this finite value in © we obtain a finite 
probability of creating a closed ylFLRW universe from the corresponding “very 
hot” instanton. 

From ((501) and (|48p . this finite value for 5 'e is positive and writes out as 


A Pn /■“"* A 

Se=Att^ {fiE + —)a%- — =4tt^ {pe +—) a% du, (57) 
Jo K ge Jo K 

where we have taken into account that now pE = —peJ^ and where Um is 
such that aE(um) = o,Em- 
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Let us see that putting here fiE = 0 we recover the Vilenkin result ()!?^ . as 
it has to be. In fact, for /i^; = 0, (EB becomes 


Se 


47r^yl 

At 



(58) 


that having in mind (j30ll . setting for the integration limits a£;(0) 
aEiui) = 0, gives 



and 


Se = 


9tt 

2^ 


3 , Stt 

COS X ax = ——, 

T GA 


(59) 


that coincides with (1!?^ . Thus, (1571) is a generalization to a very hot closed 
ylFLRW universe of the Se action calculated by Vilenkin in the de Sitter case. 


5.3 Contrasting the instanton method with other approaches 

Notice that the method used in the precedent subsection is not the same that 
the one qualitatively considered in m- In this reference, although not explic¬ 
itly calculated, the P probability in m, for the case of a hot RFLRW universe, 
is only considered when there is a classically forbidden region for the evolution 
of the cosmic expansion factor, a. From this region our present universe would 
emerge by quantum tunneling. Differently to this, our generalization works 
irrespective of whether this forbidden region exists or not (which depends on 
whether the maximum of the effective potential is smaller or not than the 
corresponding “total” energy). Our generalization leads to the probability of 
the quantum creation of a suitable classical universe directly from the corre¬ 
sponding Euclidean solution of the Einstein field equations where there is no 
time. 

But, why an Euclidean solution of the Einstein field equations should be 
accepted as the initial state from which creation takes place? As many authors 
in the field, we consider that the state previous to the universe creation must be 
a no time state in order that we cannot ask anymore what was before. Another 
way of getting rid of this question is to introduce a ciclic time (like in [M1I55] 1. 
or to choose the equation of state so as to generate a pre-tunneling static 
configuration |12j . or even to begin from “nothing” (a = 0 with non singular 
energy density) as in the Vilenkin [TU] case of a closed de Sitter universe. But, 
in front of all these proposals, we find that a more convincing view is to move 
to the Euclidean solutions of the Einstein equations, where the time dimension 
is substituted by a fourth space dimension. In our opinion, a view worth at 
least of some initial consideration, as we do in the present paper. 

Notice in any case that, in the present case of a very hot ELRW uni¬ 
verse, the cosmic creation probability calculated by us is different from the 
one qualitatively considered in [10] (though, in both cases the probability be¬ 
comes finite). In order to see it, remember that this semiclassical probability, 
P, is roughly speaking P oc exp(— S'_e), where in our hot FLRW case Se is 
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given by Eq. (EB. On the other hand, in m, we find for this semiclassical 
probability P oc exp(—2 \p{a)\da), with p = —ad satisfying the equation 

— {a?/a[)Y = total energy (Eqs. (4) and (3) of [10]). A simple checking 
shows that both expressions for P are clearly different, except in the particu¬ 
lar case of p = 0 (the closed de Sitter universe) in which, as explained before, 
both coincide. 

Thus our approach and the one from Vilenkin nni to the calculation of the 
creation probability of a very hot closed FLRW universe are different, both in 
the method followed and in the creation probabilities obtained, though both 
probabilities get a non-vanishing value. 

Similarly when we compare our calculated probability with the one ob¬ 
tained in |12j : to begin with, the respective methods are again different. In 
the equation of the state is chosen so as to reach an “static” initial con¬ 
figuration from which the present ELRW universe would appear by quantum 
tunneling, while in our method there is no tunneling and the Euclidean action, 
SE^ is calculated from the corresponding Euclidean solution of the Einstein 
field equations without performing any Wick rotation. Furthermore, the Se 
value obtained by us and the one in m are qualitatively different: we only 
have to notice that in the basic cosmic equation of m, Eq. (27), and in the 
corresponding Eq. (HH) of the present paper, the terms in k have opposite sign. 
Then, if these two equations are different, the corresponding Se values will be 
different too. This difference can be retraced to the fact that, in the present 
case of a very hot FLRW universe, the ansatz t ^ —it used in [T^j to obtain 
Se and our method of selecting the suitable Euclidean solution of the Einstein 
equations are not equivalent. 


5.4 The finite character of the closed instanton action for a general ps 
function 

Let us come back to (EOj) the general expression for the closed instanton action: 

Se = 471^/ ^ a% (60) 

JaEa 

where ^ = ^{pE — ^Pe) + and where pe is now a general function of u 
satisfying the limit condition (|5^ . 

First, provided that we have \pe\ < \pe\, the above integrand has no 
singularity for as —>■ 0 since, in accordance with Sec. 14.31 for as —t 0, we 
have again pE oc while the factor a^/uE goes like a%. Contrarily to this, 
we have a singularity for ob = 0. Then imagine that aEm is the minimal 
positive value of qe such that d^; = 0. In this case, a sufficient condition to 
still have a finite value for Se is that, for oe —t cle„, oe behaves such that 
oe/ole oc {flEm — fl£;)", with 0 < n < 1, that generalizes the condition for 
having a finite value of Se considered in the precedent subsection 15.21 
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Thus, the guess pe = —Me/ 3 is by no means the only state equation for a 
hot closed vlFLRW universe, whose instanton action Se is finite making this 
universe quantically creatable. 


6 Summary and concluding remarks 

In the present paper we have extended the seminal work by Vilenkin in [U 
l^lIHUillTU) where the semiclassical probability P of creating from “nothing” a 
closed de Sitter universe is calculated. For Vilenkin, P is the probability of 
the corresponding quantum tunneling event, leading to the creation event of 
this universe from “nothing”, i. e., from the appropriate instanton (Euclidean 
solution). 

Without relying on cosmic quantum tunneling, we have completed this 
work by stating a general method to find the instantons corresponding to any 
universe belonging to a large family of Lorentzian metrics (including the LTB 
metrics). In particular, we have calculated the quantum creation probability 
of the FLRW metrics in the semiclassical approximation. This general method 
includes the particular case used in [UdllSlIl] ; finding the instanton from which 
the closed de Sitter universe would be created. 

When applied to the case of a general dFLRW universe, this method allows 
us to recover the result from [12] , according to which the only FLRW universe 
which becomes quantically creatable is the closed one. However, the method 
used in m is different from ours: in m the closed universe is created by 
quantum tunneling from some initial static space-time configuration. 

Prior to the application of our general method to assess the possibility 
of the quantum creation of a general TFLRW universe, we have cast the Ein¬ 
stein field equations in a simplified canonical form valid, both, for a Lorentzian 
metric, and for an instanton, in the particular case of (inhomogeneous) spher¬ 
ical symmetry, with a stress-energy tensor corresponding to a geodesic perfect 
fluid, with cosmological constant. The general solution of these canonical equa¬ 
tions has been given explicitly in the special case of the LTB universes. This 
explicit solution is very well known, but we give it here for completeness. 

Moreover, leaving the equation of state, p = m/ 3, used in the subsection 
EM we have provided some general conditions for finding a finite probability 
of creating a closed HFLRW universe. But, what about the two remaining 
cases, the open non flat and the flat ones? Following a similar approach to 
that of Sect.O but for the HFLRW curvature index equal to —I or to zero, 
it is easy to see that the action of the corresponding instanton diverges 
positively. This indicates that these two HFLRW universes, the open non flat 
and the flat ones, are not quantically creatable in the framework of our general 
method. In order to see this notice that, instead of the instanton metric m, 
we must use the following one 


dsE = + a‘^{u){dx^ + sinh^ y da ^), 


(61) 
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in the open non flat case, or 

ds% = du'^ + a%{u){dx^ + ( 62 ) 

in the flat case. In both cases x takes values from zero to infinite. This leads 
directly to a positive infinite value of Se-, since in the calculation of Se, 
given by the multiple definite integral (HS|) . the one variable definite integral, 

sinh^ X dx or /o°° dx-, respectively, appears which are both obviously 
divergent. 

However, this instanton action Se can be rendered finite for the consid¬ 
ered flat and open FLRW universes if some non trivial topologies for their 
corresponding 3-spaces are considered. In this way, the flat and open FLRW 
universes would become quantically creatable M- 

In summary, in our method, the closed HFLRW universe becomes creatable, 
but not the open non flat or the flat ones with a trivial topology for their 
corresponding 3-spaces. 

On the other hand, in [571155] . where we extended some previous results 
[591140] . we concluded that what we call the intrinsic space-time 4-momenta 
vanish in the particular case of a closed and a flat FLRW universes, while 
the intrinsic energy, in particular, diverges in the open case. But in [57], con¬ 
firming a previous result in |40] . the flat FLRW model, when perturbed in 
the framework of the standard inflation, has finally infinite intrinsic energy. 
Thus we could consider the vanishing of 4-momenta of this flat model as an 
unstable, and so unphysical, result. So, we could consider both, the open non 
flat, and the flat, FLRW models, as having a non finite energy. In any case, we 
could never be able to confirm observationally whether we live in a flat FLRW 
universe: an apparent flat FLRW universe could actually be an open or closed 
one with a large enough curvature radius . 

All this seems in accordance with the idea announced in [4 1 115511551 15115] 
according to which the energy of our universe would have to vanish for the 
universe to be created as a vacuum quantum fluctuation. Sometimes this idea 
has been discarded from the very beginning by arguing that the energy of 
a space-time is only properly defined when the space-time is asymptotically 
Minkowskian (see for example m) and so the energy definition would become 
inapplicable to the particular AFLRW universe case. However, if we start from 
an energy complex (such as the Weinberg one [55] selected in the [57113811591 
150] papers) to define the energy and, in general, the linear and angular 4- 
momenta of the considered space-time, one can be easily convinced that these 
two 4-momenta have a precise meaning provided that their 3-volume integral 
expressions converge, irrespective of whether the space-time is asymptotically 
Minkowskian or not. Actually, the meaning of the corresponding energy, for 
example, is that of being a global quantity whose different non additive energy 
components, gravitational or not, enter into their mutual balance. This gener¬ 
alizes to General Relativity the similar balance we find in elementary physics 
where, in order to define the global energy of a system, we define successive dif¬ 
ferent energies (potential, electromagnetic, ...) entering into balance with the 
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kinetic one inside this global energy. Similarly for the rest of the 4-momenta 
components in General Relativity. 

The mathematical translation of this balance to General Relativity is the 
vanishing of the ordinary 4-divergence of the corresponding energy-momentum 
complex irrespective of whether the space-time is asymptotically Minkowskian 
or not. In fact the real problem of these two 4-momenta is that, even when 
they exist, they are dramatically dependent on the coordinate system used. 
This is the reason why in EIIIM] we have defined intrinsic coordinates for a 
universe, and then selected the corresponding intrinsic 4-momenta as the ones 
that according to should vanish for the corresponding universe to 

be quantically creatable. 

In summary, our results in the present paper seem to be in accordance with 
such a view since the FLRW nniverse which becomes quantically creatable, the 
closed one, is just the one with vanishing intrinsic 4-momenta. 

Finally, as most authors in the field, we assume that these results, obtained 
in the semiclassical approximation, would remain essentially the same when 
going to upper orders in h. All the same, instead of going to this upper level it 
would seem more interesting to follow [34ll^ and to consider the case of the 
standard inflaton non minimally coupled to curvature. This procedure would 
generalize the lowest case of a closed de Sitter model, with this generalization 
performed in our approach of the instantons as mere Euclidean solution of the 
Einstein equations. However, this would be beyond the scope of the present 
paper and would deserve future work. 
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A Isotropic Instanton and “conservation equations”, V • T = 0 

Let Vi be a four-dimensional manifold and g a metric on Vi whose signature is (e, +, +, +), 
with e = — 1 (Lorentzian case) or e = 1 (Euclidean case) and let us consider an isotropic 
stress-energy tensor T (see 1141 1 


T = /rn(S)n + p7, 


(63) 


where •y = g — n, n? = gin, n) = t, and 


\s = eg, At = p, 


(64) 


with As (At) the simple (triple) eigenvalue of T, 


r(n) = e/tn, Tiv)=pv 


(65) 


for any vector v ortogonal to n, gin,v) = 0. Then 


T = e (As — At) n (g) n -I- At g = (p — ep) n ig) n + pg, 


(66) 
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that, in the Lorentzian case, is the expression for the stress-energy tensor of a perfect fluid, 

Tl = {tJ, + p)n^n + pg, (67) 

and, in the Euclidean case, it becomes 

Te = {p-p)n®n + pg, (68) 

describing the “stresses” associated to an instanton held. 

For a conserved T, V • T = 0, the divergence of ll63t gives 

= u°‘da,{lJ.-ep)nl^ 

+ {p — €p)[8n^ + a^] + (dpp) g’’^ = 0, (69) 

with 9 = Van“, = n°‘S7an^, whose decomposition in parts parallel and orthogonal to 
n°‘ leads to 

(i = -{p-tp)e, (70) 

and 

{p-ep)ap =-dpp + epnp, (71) 

respectively, where the dot denotes derivation along n". 


B Spherically symmetric Einstein equations for both, instantons 
and Lorentzian solutions with geodesic perfect flows 

The material in this appendix can be found in most relativity textbooks that mainly deal 
with the Lorentzian case (see for example m)- The case of a general diagonal metric is 
considered in m- This material is included here for sake of completeness and in order to 
precise the sign conventions we use. 

To begin with, we take for the Riemann tensor deflnition of {V 4 ,g) 

- R^xR^p > ( 72 ) 

and for the Ricci tensor 

Rfiiy = R 

If the metric V 4 is spherically symmetric, in a Gauss coordinate system, {u, p, 0, (ji)}, 
adapted to the symmetry the line element is written as: 

ds^ = € du^ + B (li, p) dp^ + C (li, p) d<j^ (74) 

where da^ = dO^ + sin^0 d(f)^ stands for the metric on the unit two-sphere. According to 
the sign conventions eg and CZ3, the essential components of the Ricci tensor in these 
coordinates are given by: 



the remaining components being identically zero by virtue of the assumed symmetry. 
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The Einstein field equations 


R 

Ric(g) — —g Ag = kT, k = SirG, (80) 

are written in equivalent form as 

Ric{g) = kT+ {A - ^trT) g. (81) 

Then for an isotropic source T given by ll63ll . Eq. (EJ becomes 

Ric{g) = e[yl + - (As - 3At)] n ^ n + [A - -{Xs - At)] 7 . (82) 

When the field n is geodesic, that is, when dpp = 0, adapting Gauss coordinates (it, p, 6, (j>) 
so that n = edu = [t, 0, 0, 0), the Einstein equations are: 


B C 






2B 




(83) 






52 BC\ 1 / C'2 

-1-4-( -C” A - 


C ) C 


(■ 


c 

c” - 


2C 

B'C 

2B 


B'C 

2B 




= [yl--(As+At)]S, (84) 


1 — [A — + At)]C, 


2C 2B 


(85) 

( 86 ) 


The integration of these equations involves two separed cases. The case C' = 0 leads 
to a generalized family of Datt metrics with its associated instanton family, and will be 
analized elsewhere. Here, let us consider the generic case C' 7 ^ 0. Then II 86 II is written as: 


a / c''^\ 

— I Iri- I = 6) 

du\ CBj 


and then x = C'^ jCB does not depend on the u coordinate, i.e., 


B(u,p) = 


c- 


4A'2 


Cx(p) x{p) 

where we have put C = Defining x(p) = 4(1 + eK(p)), the metric II74II becomes: 


ds^ = edv? + 


The following linear combination 


A'2 


1 + eK{p) 


dp^ + A^da^. 


(87) 


( 88 ) 


(89) 


leads to 


Eq. (|83ll - 

- — Eg. ifSill + 2 
B 

|;Eq.l83 

(90) 

C 

€ , C '2 , 

= 2e (A — K At) 

(91) 


+ —(2 -) 

C 2BC 

1 I 88 II with C 

= A^ we obtain 

the following equation for A: 


Jr2AA + K JreAA'^ = 

= €K.Xt A^ . 

(92) 


By substituting iloa in ll83l l , we arrive to 

2 — + — + eA=--e(As- 3At). 


(93) 








22 


Ramon Lapiedra, Juan Antonio Morales-Lladosa 


Then, the remaining Einstein equations II84II and lisa are identically satisfied by substitution 
of II92I1 and (15511 in them. 

Therefore, the Einstein equations for the, let us say, generalized ALTB family of metrics 
(I89II (now the pressure p is homogeneous, p = p{u) and can be different from zero) reduce 
to (l92ll and ll93ll . or equivalently, to the following equations: 



In the case p = A = 0, we recover the LTB-family and the associated instanton, which 
are both governed by the following equations: 


+ 2AA + K = 0, 

(96) 

A A' 

2-1-= —47ru. 

A A' ^ 

(97) 

that do not depend on e. Nevertheless, despite that the above pair of equations, II96II and (I97II. 
are signature independent, the corresponding metric components, Qpp = A'‘^ {{I -\- eK{p)) 
depend on the e sign. 

From (19611. it results that A^A does not depend on u. Defining M{p) = —A^A, Eqs. 
09611 and 09711 are respectively written, 

= iM(p) - K(p), 

(98) 

^ A^A' 

(99) 


Integration of (HSJ leads to (0-(ITT}. 


C “Perfect fluid” instanton Lagrangian 


In this Appendix, we detail the steps allowing to determine the instanton Lagrangian Le = 
p.E whose stress-energy tensor is the one considered in Appendix E] that is (I68II . We follow 
closely the method developed in references |29II33| for action functionals of matter fields, 
starting from the expression 


2 d{LAi&\) 
x/iil ^9^- 


( 100 ) 


where g stands for the metric determinant, g = detp-Q,^. Let us consider the Lagrangian 
L = f{u)^ and its associated action S = J f^/egd'^x. Substituting this L in lllOOII we will 
determine the function which leads to the general expression of an isotropic tensor 

given by 16311 . We assume that lj is alike a thermodynamic variable that has associated a 
“conserved flux of particles”, say TV: 


N = un, = €. 


( 101 ) 


In addition, we also assume that the ^ variable is constant on each integral curve of the 
vector field TV, that is, n°^dcti = ? = 0 {“isoentropic flux”) and then, that / only depends 
on cj, / = f{Lo) (“barotropic instanton” for e = +1). Then, developing JlOOI t we obtain 

df ^ / dg ^ 2 dui 


rpjJ,U _ 2 




( 102 ) 
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where f' = dfldco and we have considered the relation ^ . 

On the other hand, from ilToTli . 

N<^NP = 

whose variation with respect to the flow lines being given, leads to 


2w ■ 


dtj 

d 

( 9a/3 

dg^i^ 

dgp,^ 

( g )\ 


egN'^N^ = 


s= uj^en'^n-' - g>^n, 
V g dg^v ) 


(103) 


(104) 


because, given the integral curves, the “conserved current” y/egN^ is uniquely determined 
on a flow line in terms of its initial value at some point on the same flow line. Then, this 
“conserved current” remains unchanged for variations of g^i, that vanish on the boundary 
made out from the points where we fix these initial values. 

Then, substituting in II102I I. we have: 

= a; + (/ - a; f)g^\ (105) 


which is an isotropic 2-tensor T of the form ilMt . with 
/ = As = e/i. >'t=p = f 


(106) 


In all, the functional action we are looking for an isotropic stress tensor is given by 


S = e 


fly/Tgd'^X, 


(107) 


with e = H-l and Le = for the instanton case. 

Incidentally note that, in particular, the above expression for the Lagrangian density in 
ifToTt . L = efi, allows us to deduce the —Ajn term appearing in the instanton action Se (see 
Eq. (I46II '). In the Einstein field equations, the Ag^,^ term at the left member corresponds 
to a source term T = —{A/K,)g at the right member. Thus, according to (16611 . this tensor 
has efi = p = —AIk^ and then, it follows from the variations of the Lagrangian density 
L = ep = —AjK,, with respect to the metric (in both the Lorentzian or the Euclidean cases). 
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